Algebraically independent generators of invariant differential operators on a symmetric cone by 野村, 隆昭
TitleAlgebraically independent generators of invariant differentialoperators on a symmetric cone
Author(s)野村, 隆昭








Algebraically independent generators of invariant
differential operators on a symmetric cone
(Takaaki NOMURA)
. [8], [12] . $r\cross r$
$Sym(r, R)$ . $Sym(r, R)$ $\langle x, y\rangle$ $:=tr(xy)$ .
$Sym(r, R)$ $\Omega$ . $\Omega$ $Sym(r, R)$ , $\langle\cdot, \cdot\rangle$
. ,
$\Omega=\{y\in Sym(r, R);\{x, y\rangle>0 for\forall x\in\overline{\Omega}\backslash \{0\}\}$
( $\Omega$ ) . Lie $GL(r, R)$ $Sym(r, R)$ $x\vdasharrow gx^{t}g$
, $\Omega$ $e\in\Omega$ $GL$( $r$, R)- . $\Omega$
, $GL(r, R)$ $D(\Omega)^{GL(r,R)}$ . , $r$
tr $((x \frac{\partial}{\partial x})^{j})$ $(j=1,2, \ldots, r)$
$D(\Omega)^{GL(r,R)}$ .
, ( ) ,
explicit , . , 1950 , Koecher [7] Vinberg
[13] – Jordan –
.
\S 1. Jordan
Jordan . [1], [3], [5], [6], [11] .
$V$ (1),(2) ( , ) $V\cross V\ni(x, y)arrow xy\in V$
, $V$ Jordan : $\forall x,$ $y\in V$ ,
(1) $xy=yx$ ,
(2) $x^{2}(xy)=x(x^{2}y)$ .





. 2 $A,$ $B$ , $[A, B]=AB-BA$ , (2)
$[L(x), L(x^{2})]=0$
.
, Jordan $V$ ,
( , Jordan power associative algebra ). , $V$ $i$
$\sigma_{i}(1\leqq i\leqq\ovalbox{\tt\small REJECT}$
$m_{x}(\lambda)=\lambda^{d}-\sigma_{1}(x)\lambda^{d-1}+\sigma_{2}(x)\lambda^{d-2}+\cdots+(-1)^{d}\sigma_{d}(x)$
, $V$ Zariski-dense 77\supset $\forall x$ , $x$ ,
$m_{x}(\lambda)$ , $x$ 1 [5].
$m_{x}(\lambda)$ $x\in V$ , $d$ V degree . ,
$J$
$T(x)=\sigma_{1}(x)$
, $T$ $V$ trace .
Jordan $V$ ,
$x^{2}+y^{2}=0$ $x=y=0$
, $V$ . Jordan $e$ .
, Jordan $V$ . $V$ $0$ $e_{1},$ $e_{2},$ $\ldots,$ $e_{k}$
, $i\neq j$ $e_{i}e_{j}=0$ , ,
$e_{1}+\cdots+e_{k}=e$ ( ) .
1.1( ). $V$ $x$ , $0$ $e_{1},$ $e_{2},$ $\ldots,$ $e_{k}$
$\lambda_{1},$
$\ldots,$
$\lambda_{k}(\lambda_{1}<\lambda_{2}<\cdots<\lambda_{k})$ , $x=\lambda_{1}e_{1}+\cdots+\lambda_{k}e_{k}$ .
, $\lambda_{1},$ $\ldots,$ $\lambda_{k}$ , $x$ . 1
$0$ , $e$
$e=e_{1}+\cdots+e_{r}$ , . , $r$
, $V$ , degree .
1.2. Jordan $V$ , (1) $\sim(3)$ :
(1) V .
(2) $x,$ $yarrow\rangle$ $trL(xy)$ .
(3) $\mathfrak{X}\backslash$AXgX $x,$ $y\mapsto T(xy)$ . 1
. $Sym(r, R)$ $xy=(x\cdot y+y\cdot x)/2$ ( ) ,






$V$ $x$ , $P(x)$
$P(x)$ $:=2L(x)^{2}-L(x^{2})$ $(x\in V)$
. $P:x\mapsto P(x)$ $V$ quadratic representation $(P(xy)=$
$P(x)P(y)$ ). $P$ : $\forall x,$ $y\in V$
(1.1) $P(P(x)y)=P(x)P(y)P(x)$,
(12) $P(x^{n})=P(x)^{n}$ $(n=1,2, \ldots)$ .
, $V$ $x$ , $x$ $V$ $R[x]$ . $V$ power-
associative , $R[x]$ .
1.3. $V$ $x$ , (1) $\sim(4)$ :
(1) $P(x)$ , , $\det P(x)\neq 0$ .
(2) $R[x]$ $y$ , $xy=e$.
(3) $V$ $y$ , $xy=e$ $[L(x), L(y)]=0$.
(4) $V$ $y$ , $xy=e$ $x^{2}y=x$ . $1$
1.3 $x$ . (3) $x$ $y$
, (1) , $y=P(x)^{-1_{X}}$ . $V^{x}$ .
,
(13) $P(x^{-1})=P(x)^{-1}$ $(\forall x\in V^{x})$ .
$V$ \langle $x,$ $y$} $:=T(xy)$ ( 12). , $x\in V$
, $L(x),$ $P(x)$ .
1.4. 5 $V$ :
(1) Int $\{x^{2} ; x\in V\}$ (Int ).
(2) $\{x^{2};x\in V^{x}\}$ .
(3) $V^{x}$ .
(4) { $x\in V;L(x)$ }.
(5) { $x\in V;x$ }. 1
1.4 $V$ $\Omega$ . $\Omega$ $V$ , \rangle
. $\Omega$ $V$ . $x\in\Omega$ , $P(x)$
.
, $F:\Omega\ni xarrow\rangle$ $x^{2}\in\Omega$ . $x_{0}\in V$ Fr\’echet $2L(x_{0})$ ,
$F$ , $F$





. $G(\Omega)$ $GL(V)$ , $G(\Omega)$ Lie . $\Omega$
, $G(\Omega)$ reductive X Lie .
1.5. $x\in V^{x}$ $P(x)\in G(\Omega)$ .
. (1.1) , $\forall y\in\Omega$ $P(x)y$ $(i.e. \exists P(P(x)y)^{-1})$ $P(x)y\in$
$V^{x}$ . $P(x)e=x^{2}\in\Omega$ , $P(x)\Omega$ $V^{x}$ , $\Omega$ .
, $P(x)\Omega\subset\Omega$ . (1.3) $P(x)\Omega=\Omega$ . , $P(x)\in G(\Omega)$ . I
$x\in\Omega$ , $P(x^{1/2})e=x$ , 1.5 $\Omega=G(\Omega)e$
.
\S 2.
, Jordan $V$ $r$ . $V$
$K$ . ,
$K:=\{g\in GL(V);g(xy)=(gx)(gy) for\forall x, y\in V\}$ .
K- : $m_{x}(\lambda)=m_{kx}(\lambda)(\forall k\in K, x\in V)$ , $K$ $V$
$\langle\cdot, \cdot\rangle$ $O(V)$ . , $K$ Lie
. $V$ K- Po1$(V)^{K}$ . Po1$(V)^{K}$ ,
.
2.1(U. Hirzebruch [4]). $r$ $V$
$f_{j}(x):=T(\dot{d})$ $(j=1,2, \ldots, r)$
Po1$(V)^{K}$ . I
J. Faraut .
22. $f\in Po1(V)^{K}$ ,
$\Omega\cross V\ni(x, y)\mapsto f(P(x^{1/2})y)$
, $p(x, y)=p(y, x)(\forall x, y\in V)$ $V\cross V$ $p$ $\Omega\cross V$
. I




(2.1) $T(P(x^{1/2})y)=\langle P(x^{1/2})y, e\rangle=(y,$ $x\rangle$
, $p(x, y)=\langle x, y\rangle$ . I
2. $(-1)^{r}$ , , $\sigma_{r}(x)$ $N(x)$ . ,
$N\in Po1(V)^{K}$ . ,
(22) $N(P(x^{1/2})y)=N(x)N(y)$ .
, $p(x, y)=N(x)N(y)$ . $V=Sym(r, R)$ , $N(x)=\det x,$ $P(x^{1/2})y=$
$x^{1/2}\cdot y\cdot x^{1/2}$ , (2.2) $\det(x^{1/2}\cdot y\cdot x^{1/2})=(\det x)(\det y)$
. I
2.1 $f_{j}$ , $f_{j}(P(x^{1/2})y)$ 1 , explicit .
2.3. $\forall x\in\Omega$ $\forall y\in V$ ,
(1) $f_{2m-1}(P(x^{1/2})y)=\langle(P(x)P(y))^{m-1}x,$ $y$},
(2) $f_{2m}(P(x^{1/2})y)=\{(P(x)P(y))^{m-1}x, (y\square x)y\}$ .
, $y\square x=L(yx)+[L(y), L(x)]$ . $1$
. 22 , 2.3 (1), (2) , $x,$ $y$ . $P(x)$
, (1) $x,$ $y$ . (2)
, $y$ adjoint $x\square y$ , Jordan ( Jordan 3
) :
$(x\square y)P(x)=P(x)$ ( $y$ $x$ )
.
,
(2.3) $p_{2m-1}(x, y)$ $:=\langle(P(x)P(y))^{m-1}x,$ $y$},
(2.4) $p_{2m}(x, y)$ $:=\langle(P(x)P(y))^{m-1}x, (y\square x)y\rangle$
. $Pj$ $V\cross V$ ,
$2.4$ . $j=1,2,$ $\ldots,$ $r$ ,
$p_{j}(gx,{}^{t}g^{-1}y)=p_{j}(x, y)$ $for\forall g\in G(\Omega),$ $x\in V,$ $y\in V$
. , ${}^{t}g$ $\langle\cdot, \cdot\rangle$ $g$ adjoint. 1




2.5. $\Omega\cross V$ C\infty \rightarrow $L$ , (2.5) $G(\Omega)$ , $x\in\Omega$
, $yarrow\rangle$ $L(x, y)$ $V$ . , $r$
$Q$ ,
$L(x,y)=Q(p_{1}(x, y),$ $\ldots,p_{r}(x,y))$ $(\forall x\in\Omega,\forall y\in V)$
. , $(2.3),(2.4)$ .
, $K\subset O(V)$ , $l(y)$ $:=L(e,$ $\ovalbox{\tt\small REJECT}$ $V$ $l$
Po1$(V)^{K}$ , U. Hirzebruch ( 2.1), $L(x, y)=l(P(x^{1/2})y)$
. I $f$
(2.5) $G(\Omega)$ $V\cross V$ Po1$(V\cross V)^{G(\Omega)}$
. 22
26. $f\in Po1(V)^{K}$ ,
$p_{f}(x, y):=f(P(x^{1/2})y)$ $(x\in\Omega, y\in V)$
, $f\mapsto p_{f}$ , Po1$(V)^{K}$ Po1 $(V\cross V)^{G(\Omega)}$ algebra isomorphism
. I
\S 3. G(\Omega )-
$G(\Omega)$ $V$ , $G(\Omega)$ $V\cross V$ (2.5) $\Omega\cross V$
, $\Omega$ $T^{*}(\Omega)\approx\Omega\cross V$ $G(\Omega)$ .
$(2.3),(2.4)$ $p_{j}$ , $p_{j}(x, \partial/\partial x)$
$p_{j}(x, \partial/\partial x)e^{(x,y\rangle}=p_{j}(x, y)e^{(x,y\rangle}$
.
3.1. $r$ $p_{1}(x, \partial/\partial x),$ $\ldots,p_{r}(x, \partial/\partial x)$ , $\Omega$ $G(\Omega)$ - $k$
$D(\Omega)^{G(\Omega)}$ . 1
. $x\in\Omega$ , $P(x)$ . $x\in\Omega$
$B_{x}(u, v):=\langle P(x)u, v\rangle$ $(u, v\in V)$
, $B$ : $x\mapsto B_{x}$ $\Omega$ $G(\Omega)$ - Riemann , $\Omega$ Riemann
. $e\in\Omega$ symmetry $xrightarrow x^{-1}$ (Jordan $V$ inverse)
. , Riemann $B$ $\Omega$ Laplace-Beltrami $\Delta$
$\Delta=p_{2}(x, \partial/\partial x)+\frac{n}{r}\cdot p_{1}(x, \partial/\partial x)$
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